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1. INTRODUCTION
The Hankel transformation
` 1
2h f x s xy J xy f y dy .  .  .  . . Hm m
0
w x Xwas extended by Zemanian 8 to distributions belonging to H , the dual ofm
test function space H consisting of all complex valued functions fm
 .defined on I s 0, ` satisfying
kd 1m m y1 ymy 2g f s sup x x x f x - `, m , k g N . 1.1 .  .  . .m , k 0 /dxxgI
w x  .Zaidman 7 studied a class of pseudo-differential operators p.d.o.'s using
Schwarz's theory of Fourier transformation. Motivated by the work of
Zaidman and using Zemanian's theory of Hankel transformation, Pathak
w xand Pandey 3, 4 studied pseudo-differential operators h and certainm, a
w xfunction spaces associated with the Bessel operator S ; Ref. 4 containsm
some applications.
 .  .In this paper two new pseudo-differential operators L x, D and H x, D
associated with the Bessel operator S are investigated. The operatorm
 .H x,D is a generalization of p.d.o. h , of which applications are given inm, l9
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w x  .  .4 . The operator L x, D is an adjoint of H x, D ; see Theorem 3.4.
w xKohn]Nirenberg type theory 2 for these operators is developed. It is
 .  .shown that under certain conditions L x, D and H x, D act as linear
2 . 2 .operators from L R into L R . Product and commutators of pseudo-dif-
ferential operators are defined and their properties studied. We shall use
w xthe notation and terminology of 7, 8 .
 .2. THE PSEUDO-DIFFERENTIAL OPERATOR L x, D
 .In this section we study the p.d.o. L x, D associated with the symbol
 .l x, j defined as follows.
 . ` .The function l x, j g C I = I is said to be an element of the class L
 .  .  .  .if and only if l x, j s l x, tj for t ) 0, lim l x, j s l `, j exists forx ª`
 . `  .  .  .j s 1, and l `, j is a C -function. We define l9 x, j s l x, j y l `, j
and assume that
a bd dp y1 y11 q x x j l9 x , j F C 2.1 .  .  .a , b , p /  /dx dj
for all x g I and j s 1 and a g N , b g N , and p g N .0 0 0
An example of a function in L is
n
yg jl x , j s C 1 q x x ) 0 , .  .  . j
js0
 .where C are constants and g ) 0. Then l `, j s C .j 0
 .Now for any u g H I we define p.d.o. L bym
` 1
2L x , D u x s xj J xj G j dj ; x g I , 2.2 .  .  .  .  .  . . H m
0
 .where the function G j is given by
`
XG j s l `, j h u j q l h h u h dh 2.3 .  .  .  .  .  . .  .Hm j m
0
with
` 1 1X 2 2l h s xh J xh xj J xj l9 x , j dx. 2.4 .  .  .  .  .  .  .Hj m m
0
 .  .For the validity of 2.2 we need to show that G j is Hankel trans-
 .  .  .formable. Since l `, j s l `, tj s l `, 1 ,
l `, j h u j s l `, 1 , h u j g H I . 2.5 .  .  .  .  .  . .  .m m m
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 .Then for the Hankel transformability of G j it is sufficient to show that
` `1 X2xj J xj dj l h h u h dh g H I . .  .  .  .  . .H Hm j m m
0 0
Now,
` ` 1X 2l h h u h dh s yj J yj l9 y , j u y dy. .  .  .  .  .  . .H Hj m m
0 0
 y1 .The right-hand side represents the pseudo-differential operator h h um, l9 m
 . w xwhich is known to be an element in H I 3, p. 739 . Therefore,m
` `1 X2xj J xj dj l h h u h dh g H I . 2.6 .  .  .  .  .  . .H Hm j m m
0 0
 .Hence L x, D is continuous and bounded on I; we can say that
`
Xh L x , D u j s l `, j h u j q l h h u h dh . .  .  .  .  .  . .  .Hm m j m
0
 .THEOREM 2.1. If l x, j is a symbol belonging to the class L, then
` `1 1
2 2L x , D u x s xj J xj yj J yj l y , j u y dy dj , .  .  .  .  .  .  .  . . H Hm m /0 0
2.7 .
1where m G y .2
 .  .  .Proof. We have l y, j s l `, j q l9 y, j .
Now,
` 1
2yj J yj l `, j u y dy .  .  .  .H m
0
s l `, j h u j ; u g H . 2.8 .  .  . .m m
Moreover we have
` 1
2yj J yj l9 y , j u y dy .  .  .  .H m
0
` `1 1
2 2s yj J yj l9 y , j yh J yh h u h dh dy .  .  .  .  .  . .H Hm m m /0 0
` ` 1 1
2 2s yj J yj yh J yh l9 y , j dy h u h dh .  .  .  .  .  . .H H m m m /0 0
`
Xs l h h u h dh . 2.9 .  .  . .H j m
0
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 .  .Adding 2.8 and 2.9 we have
` 1
2yj J yj l y , j u y dy .  .  .  .H m
0
`
Xs l `, j h u j q l h h u h dh .  .  .  . .  .Hm j m
0
s G j . 2.10 .  .
 .  .  .  .Then 2.7 follows from 2.3 . Since from 2.5 for u g H I ,m
 . . .  .  . ` X  . . .  .l `, j h u j g H I and from 2.6 , H l h h u h dh g H Im m 0 j m m
 .  .therefore, the right-hand side of 2.10 exists as an element of H I .m
 .  .Hence G j g H I and the Hankel transformation gives the representa-m
 .tion 2.7 .
We shall make use of the norm
1
2` s 225 5 < <u s 1 q j h u j dj , s g R 2.11 .  . .  .s H m /0
and the inequality
1 1< <j y h y2 22 2< <l `, j y l `, h F C F C 1 q j y h 1 q h .  .  .  . .< < < <j q h
; j , h g I. 2.12 .
w xA proof of the inequality can be found in 7, pp. 347, 358 .
 . X  .LEMMA 2.2. Let the symbol l x, j g L. The function l h defined byj
 .2.4 satisfies the estimate
11 y1mqmq4 rqX 2 2 r2< <l h F A 1 q j 1 q h 1 q h , r g N . .  .  .  .j m , r , p 0
2.13 .
w xProof. See 3, p. 742 .
THEOREM 2.3. We ha¨e the norm inequality
5 5 5 5L x , D u F E u , u g H I .  .n ss , p , m , n m
1for n - 4 s y 10m y 10 and m G y .2
Proof. We have
L x , D s L `, D q L9 x , D . .  .  .
 .Now, for u g H I we have by definitionm
`
Xh L x , D u j s l `, j h u j q l h h u h dh . .  .  .  .  .  . .  .Hm m j m
0
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Then in view of the definition of the class L we have
` s2 225 5 < <L `, D u s 1 q j l `, j h u j dj .  .  . .  .s H m
0
` s2 22< < < <s l `, 1 1 q j h u j dj . .  . .  .H m
0
Therefore,
5 5 < < 5 5L `, D u s l `, 1 u . .  .s s
Next, we show that
nr22 21 q j h L9 x , D u g L . . . m
 .  .By definition 2.11 and inequality 2.13 , we have
nr221 q j h L9 x , D u j .  . . m
` nr2 X2s 1 q j l h h u h dh .  . .  .H j m
0
` nr2 X2 < <F 1 q j l h h u h dh .  . .  .H j m
0
1` nr2 y1mq 22 2 rF A 1 q j 1 q h 1 q h . .  .Hm , r , p
0
=
1mq4 rq 2 < <1 q j h u h dh . .  . .m
1 1 1mq mq 2 mq2 2 2 .  .Now using the obvious inequalities 1 q h F 3 1 q h
 2 r .y1 ry1 2 .yrand 1 q h F 2 1 q h we get
nr221 q j h L9 x , D u j .  . . m
1
1nr2 mq4 rq 22 mq4 rq 22F A 1 q j 3 1 q j .  .m , r , p
1` yr mq1 2ry1 2 mq 22= 2 1 q h 3 1 q h .  .H
0
ysr2 sr22 2= 1 q h 1 q h h u h dh . .  .  .m
1nr2qmq4 rqX 22F A 1 q j .m , r , p
=
1ysr2yrqmq 221 q h 2 . L
=
sr22 25 51 q h h u h . . .  . Lm
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Therefore,
1nr2 nr2qmq4 rq 22 25 51 q j h L9 x , D u j F D u 1 q j .  . .  .sm m , r , p , s
on choosing r ) ysr2 q m q 3r4. Hence,
1nr2 ysr2yrqmq 22 25 51 q j h L9 x , D u j F D u 1 q j , .  . .  .sm m , r , p , s
so that
nr221 q j h L9 x , D u j .  . . 2m L
1ysr2yrqmq 22 5 5F D 1 q j = u2 . sm , r , p , s L
5 5F C u ,sm , r , p , s
provided r ) ysr2 q m q 1. Therefore,
5 5 5 5L9 x , D u F C u . . n sm , p , s
Thus,
5 5L x , D u F L9 x , D u q L `, D u .  .  .n
5 5F L9 x , D u q L `, D u .  .n n
5 5F L9 x , D u q L `, D u .  .n s
5 5 < < 5 5F C u q l `, 1 u .s sm , p , s
5 5F E u ,sm , p , s
 <  . <.where E s max C , l `, 1 .m, p, s m , p, s
 .3. THE PSEUDO-DIFFERENTIAL OPERATOR H x, D
 .  .  .Let l x, j be the symbol defined by means of 2.1 . For any u g H Im
 .we define p.d.o. H x, D by
` 1
2H x , D u x s xj J xj H j dj , 3.1 .  .  .  .  .  . . H m
0
 .where H j is given by
`
XH j s l `, j h u j q l j h u h dh 3.2 .  .  .  .  .  . .  .Hm h m
0
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with
` 1 1X 2 2l j s xj J xj xh J xh l9 x , h dx. 3.3 .  .  .  .  .  .  .Hh m m
0
 .  .Here we note that for l `, j s 0, H x, D u s h u, where h is them, l9 m , l9
w x  .p.d.o. studied in 3, 4 . An alternative form of 3.1 is given by the
following:
THEOREM 3.1. We ha¨e the representation
` 1
2H x , D u x s xh J xh l x , h h u h dh , u g H I . .  .  .  .  .  . .  .H m m m
0
3.4 .
 .  .  .  . .  .Proof. As l x, h s l `, h q l9 x, h and h u h g H I , the inte-m m
 .gral 3.4 can be shown to be absolutely convergent as follows. We note
that
` `1 X2xj J xj l j h u h dh dj 3.5 .  .  .  .  . .H Hm h m /0 0
is absolutely convergent because
` `1 X2xj J xj l j h u h dh dj .  .  .  . .H Hm h m
0 0
1` ` y1mq ym 2 mq12 2 rF xj xj J xj A 1qj 1qj dj .  .  .  . .H Hm m , r , p
0 0
=
` 2 mq4 rq1yl1 q h dh .H
0
1 ylmq 2< <- ` since h u h F Ah 1 q h ; l ) 0. .  . .m
 .Furthermore, we see that 3.5 equals
` `1 X2xj J xj l j h u h dh dj .  .  .  . .H Hm h m /0 0
` ` 1X 2s h u h dh l j xj J xj dj .  .  .  . .H Hm h m /0 0
` 1
2s xh J xh l9 x , h h u h dh , .  .  .  . .H m m
0
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since by inversion
` 1 1X 2 2l j xj J xj dj s xh J xh l9 x , h . .  .  .  .  .  .H h m m
0
Hence,
` 1
2xj J xj H j dj .  .  .H m
0
` 1
2s xj J xj l `, j h u j .  .  .  . .H m m
0
`
Xq l j h u h dh dj .  . .H h m
0
` 1
2s xj J hj l `, j h u j dj .  .  .  . .H m m
0
` 1
2q xh J xh l9 x , h h u h dh .  .  .  . .H m m
0
` 1
2s xj J hj l `, j q l9 x , j h u j dj .  .  .  .  . .H m m
0
` 1
2s xj J xj l x , j h u j dj . .  .  .  . .H m m
0
THEOREM 3.2. We ha¨e the norm inequality
5 5 5 5H x , D u F C u , u g H I , .  .s ls , m , k , p m
1 1 .where l ) 2 k q 5m q 2 s q 7r2 , m G y , and k ) .2 2
Proof. We have
H x , D s H `, D q H9 x , D . .  .  .
Now, for u g H we have by definitionm
`
Xh H x , D u j s l `, j h u j q l j h u h dh . .  .  .  .  .  . .  .Hm m h m
0
Then, proceeding as in the proof of Theorem 2.3 we have
5 5 < < 5 5H `, D u s l `, 1 u , 3.6 .  .  .s s
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and
sr221 q j h H9 x , D u j .  . . m
` sr2 X2s 1 q j l j h u h dh .  . .  .H h m
0
11`  . mq4 rqsr2qmyrqX 222 2F A 1 q j 1 q h h u h dh . .  .  .Hm , r , p m
0
1 1`sr2qmyrq ykr2 kr2qmq4 rqX 2 22 2 2F A 1 q j 1 q h 1 q h .  .  .Hm , r , p
0
=< <h u h dh . .m
1sr2qmyrq ykr2X 22 2F A 1 q j 1 q h 2 .  .m , r , p L
=
lr221 q h h u h , . .  . 2m L
1 .where l s 2 kr2 q m q 4 r q , k ) 1r2.2
Now, choosing r ) sr2 q m q 3r4 the last inequality yields
1 .sr2 sr2qmq yrY 22 2 5 51 q j h H9 x , D u j F A 1 q j ? u .2 . .  . l2m m , r , p LL
 .Therefore, for k ) 1r2 and l ) 2 k q 5 q 2 s q 7r2 we have
5 5 5 5H9 x , D u F D u . 3.7 .  .s ls , m , k , p
 .Finally, the assertion of the theorem follows from the inequalities 3.6
 .and 3.7 .
THEOREM 3.3. We ha¨e the relation
X 5 5L x , D y H x , D u F C u .  . . ln s , m , r , p
 .for n - 4 s y 10m y 3r2 and l ) 2 k q 5m q 2 s q 7r2 , k ) 1r2.
Proof. We have
L x , D y H x , D u F L x , D u q H x , D .  .  .  . . n nn
F L x , D u q H x , D . .  .n s
Now, invoking Theorem 2.3 and Theorem 3.2 we get
X X5 5 5 5 5 5L x , D u y H x , D u F C u q C u F C u . .  . . s l ln s , m , p s , m , p s , m , p
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In Theorem 2.3 taking s s y10r and r - ymr4 y 3r16 we see that
 . 2  . 2L x, D u g L . Also in Theorem 3.2 setting s s 0 we have H x, D u g L .
 .  .In the following we extend L x, D and H x, D as linear operators from
2 . 2 .L R into L R .
 .  .THEOREM 3.4. Let l x, j be a symbol, and l x, j be its conjugate.
 .  .  .Assume that L x, D and H x, D are the operators associated to l x, j and
 .l x, j , respecti¨ ely. Then we ha¨e the equality
2 2 :  :L x , D u , ¨ s u , H x , D ¨ . 3.8 .  .  .L L
2 w xProof. Since H is dense in L 8, p. 132 we need to prove the resultsm
 .  .for u, ¨ g H I . From 3.3 we havem
` 1
2H x , D ¨ x s xh J xh l x , h h ¨ h dh , ¨ g H . .  .  .  .  .  . .  .H m m m
0
Therefore,
` `
 :u , H x , D ¨ s u x xh l x , h h ¨ h dh dx .  .  .  .  . .H H m /0 0
` ` 1
2s xh J xh l x , h h ¨ h u x dh dx. 3.9 .  .  .  .  .  . .H H m m
0 0
Now by theory of the Hankel transform we have
2 2 :  :L x , D u , ¨ s h L x , D j , h ¨ j .  .  .  . .L Lm m
` ` 1
2s yj J yj l y , j u y dy h ¨ j dj .  .  .  .  . .H H m m /0 0
` ` 1
2s yj J yj l y , j h ¨ j u y dj dy .  .  .  .  . .H H m m
0 0
 .  .which is exactly 3.9 . This completes the proof of the equality 3.8 .
4. PRODUCT AND COMMUTATORS
 .  .THEOREM 4.1. Let l x, j , b x, j be two symbols belonging to the class
 .  .  .L. Then c x, j s l x, j b x, j is also a symbol in the class L.
 .  .  .Proof. We have c x, j g L since l x, j and b x, j are in this space.
Besides ; t ) 0 we have
c x , tj s l x , tj ? b x , tj , x ) 0, j g I. .  .  .
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As
lim l x , j s l `, j , lim b x , j s b `, j .  .  .  .
< < < <x ª` x ª`
 .exist, for j g I, the same is valid for c x, j ,
lim c x , j s c `, j s l `, j b `, j .  .  .  .
< <x ª`
which exists for j g I.
If we put
c9 x , j s l9 x , j q l `, j b9 x , j q b `, j .  .  .  .  . .  .
s l9 x , j b9 x , j q l `, j b9 x , j q l9 x , j b `, j .  .  .  .  .  .
q l `, j b `, j , .  .
 .  .then we show that c9 x, j possesses the property 2.1 as
a bd dp y1 y11 q x x j c9 x , j .  . /  /dx dj
a bd dp y1 y1F 1 q x x j l9 x , j b9 x , j .  .  . /  /dx dj
a bd dp y1 y1q 1 q x x j l `, j b9 x , j .  .  . /  /dx dj
a bd dp y1 y1q 1 q x x j l9 x , j b `, j .  .  . /  /dx dj
a bd dp y1 y1q 1 q x x j l `, j b `, j .  .  . /  /dx dj
ays byrba d dpba y1 y1F 1 q x x j l9 x , j .  .  /  /  /s  /r dx djss0 rs0
=
rsd d
y1 y1x y b9 x , j . /  /dx dj
ays byrba d dpba y1 y1q 1 q x x j b9 x , j .  .  /  /  /s  /r dx djss0 rs0
=
rsd d
y1 y1x j l `, j . /  /dx dj
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ays byrba d dpba y1 y1q 1 q x x j l9 x , j .  .  /  /  /s  /r dx djss0 rs0
rsd d
y1 y1= x j b `, j . /  /dx dj
ays byrba d dpba y1 y1q 1 q x x j l `, j .  .  /  /  /s  /r dx djss0 rs0
=
rsd d
y1 y1x j b `, j . /  /dx dj
ba
baF C q C q C q C  1, a , b , p 2, a , b , p 3, a , b , p 4, a , b , p /  /s r
ss0 rs0
F D .a , b , p
 .Therefore, c9 x, j g L.
 .  .  .  .Let C x, D , L x, D , B x, D be the operators corresponding to c x, j ,
 .  .l x, j , b x, j , respectively. We have
L x , D s L `, D q L9 x , D .  .  .
4.1 .
B x , D s B `, D q B9 x , D . .  .  .
Then
C x , D s L x , D B x , D .  .  .
s L `, D B `, D q L9 x , D B `, D q L `, D B9 x , D .  .  .  .  .  .
q L9 x , D B9 x , D . 4.2 .  .  .
If we write
l `, j b `, j s g j s c `, j .  .  .  .
l9 x , j b9 x , j s k x , j .  .  .
l `, j b9 x , j s k x , j .  .  .1
b `, j l9 x , j s k x , j , .  .  .2
 .then from 4.2 ,
C x , D s g D q K x , D q K x , D q K x , D . 4.3 .  .  .  .  .  .1 2
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 .  .  .THEOREM 4.2. We ha¨e g D u s L `, D B `, D u for u g H .m
Proof. We have
` 1
2h g D u j s xj J xj g j u x dx .  .  .  .  .  .Hm m
0
` 1
2s xj J xj b `, j l `, j u x dx .  .  .  .  .H m
0
s h b `, D l `, D u j . .  .  .m
Hence, by uniqueness of the Hankel transform we have the result of
Theorem 4.2.
 .  .  .THEOREM 4.3. We ha¨e K x, D u s L `, D B9 x, D u ; u g H .1 m
Proof.
h K x , D u j .  .m 1
` 1
2s xj J xj K x , j u x dx .  .  .  .H m 1
0
` 1
2s xj J xj l `, j b9 x , j u x dx .  .  .  .  .H m
0
s h L `, D B9 x , D u j . .  .  .m
The result is a consequence of the uniqueness of the Hankel transform.
 .  .  .THEOREM 4.4. We ha¨e K x, D s B `, D A9 x, D .2
Proof. The proof is similar to that of Theorem 2.3.
THEOREM 4.5. We ha¨e the relation
5 5L9 x , D , B9 `, D u F C u , .  . ss , m , pn
w xfor n - 4 s y 10m y 35r2 where , denotes the commutator between the
two operators.
Proof. From Theorem 4.3 and Theorem 4.4
`
Xh L9 x , D B9 `, D u j s l h h B `, D u h dh .  .  .  .  .  . .  .Hm j m
0
`
Xs l h b `, h h u h dh . 4.4 .  .  .  . .H j m
0
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Moreover,
`
Xh B9 `, D L9 x , D u j s b `, j l h h u h dh . 4.5 .  .  .  .  .  .  . .  .Hm j m
0
Therefore,
`
h L9 x , D , B9 `, D u j s b `, j y b `, h .  .  .  .  . . . Hm
0
=lX h h u h dh . 4.6 .  .  . .j m
 .We note that b `, j is a homogeneous function of order 0 in j and it
` .  .belongs to C I . Moreover, from 2.12 we know that for j , h g I,
y1< < < < < < < <b `, j y b `, h F C j y h j q h .  .  .
1 1y2 22 2F C 1 q j y h 1 q h . 4.7 .  . . .
Application of the arguments used in the proof of Theorem 2.3 and
 .  .inequalities 2.13 and 4.7 provide the estimate
nr221 q j h L9 x , D , B `, D u j .  .  . . m
` nr22 < <F 1 q j b `, h y b `, j .  . .H
0
= Xl h h u h dh .  . .j m
11 `ysr2qmyrq ysr2qmyr22X 22 2F A 1 q j 1 q j y h 1 q h . .  . .Hm , r , q
0
=
sr22 < <1 q h h u h dh . .  .m
1
22
1 1 q j y h . .ysr2qmyrqX 22F A 1 q j .m , r , q sr2ymqr21 q h . 2L
=
sr221 q h h u h . .  . 2m L
1ysr2qmyrq3r2X 25 5F A u 1 q j .sm , r , q sr2ymqr 21 q h . 2L
1 1ysr2qmyrq ysr2qmyrq3r222 2q 1 q j q 1 q j .  .sr2ymqry121 q h . 2L
=
1
ysr2ymqry1 521 q h . 2L
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ysr2qmyrq3r225 5F A u C 1 q j .sm , r , q 1, s , m , r
1ysr2qmyrq ysr2qmyrq3r222 2qC 1 q j q C 1 q j .  . 52, s , m , r 3, s , m , r
for any r ) ysr2 q m q 5r4.
Hence,
nr221 q j h L9 x , D , B9 `, D u j .  .  . . 2m L
ysr2qmyrq3r2X 25 5F A u C 1 q j 2 .sm , r , q 1, s , m , r L
1ysr2qmyrq 22qC 1 q j 2 .2, s , m , r L
ysr2qmyrq3r22qC 1 q j 2 . 53, s , m , r L
5 5F C u sm , q , s
on choosing r ) ysr2 q m q 7r4.
Therefore,
5 5L9 x , D , B9 `, D u F C u . .  . sm , q , sn
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